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On Implicit Runge-Kutta Methods for
Parallel Computations

Stephen L. Keeling*

Abstract. Implicit Runge-Kutta methods which are well-suited for parallel computations are
characterized. It is claimed that such methods are first of all, those for which the associated
rational approximation to the exponential has distinct poles, and these are called multiply implicit
(MIRK) methods. Also, because of the so-called order reduction phenomenon, there is reason to
require that these poles be real. Then, it is proved that a necessary condition for a ¢-stage, real
MIRK to be A-stable with maximal order ¢ + 1 is that ¢ = 1, 2, 3, or 5. Nevertheless, it is shown
that for every positive integer ¢, there exists a ¢g-stage, real MIRK which is Ag-stable with order
g+ 1, and for every even g, there is a g-stage, real MIRK which is I-stable with order ¢. Finally,
some useful examples of algebraically stable MIRK’s are given.

*Supported by the National Aeronautics and Space Administration under NASA Contract No. NAS1-18107 while
in residence at the Institute for Computer Applications in Science and Engineering (ICASE), NAS A Langley Research
Center, Hampton, VA 23665-5225.



1 Introduction.

This paper is concerned with the characterization and construction of implicit Runge-Kutta
methods (IRKM’s) which are especially well-suited for the approximate solution of evolution equa-
tions on a parallel machine with a modest number of processors. For a precise discussion of the
issues, IRKM’s and their properties are now introduced. Given an integer ¢ > 1, a ¢g-stage IRKM
is determined by a set of constants:

aip ** G419 | T1

Qg1 " Ggq | Tg
by, --- bql

and it is convenient to make the following definitions:

A= {a".‘i}g»jzli T = (b1,b2, .. -,bQ)) B E]ii?'gq{bi}’ M=BA+ATB- bbT’

— 1 — i—1 —_ 1 - —
T =1d_<_1?§q{r‘-}, v={r]"}Y,.;» R =1d_<_1?'§q{‘ 1, el =(1,1,...,1).

For the IRKM formulation used in this work, choose arbitrarily, o € R, yo € R”, F: R*! - R"
sufficiently smooth, and k > 0 sufficiently small, so that for t; < t < ¢y + k, smooth functions
y,¥ : R — R"™ are well-defined by:

(1.1) {DtY(t) = F(ty()

y(t) = vo,
and: .
Y(t) = yo+(t—to)d aiiF(to+7i(t —0),¥(t), 1<s5<gq
(1.2) i
$() = yo+ (t—to)d_biF(to+ mi(t — to), ¥ (t)).
=1

The method is described as ezplicit if a;; = 0, ¢ < 5 and smplicit if for any 1, a;; # 0.

As usual, there are three criteria by which a method is judged in this work: order of consistency,
stability, and implementability. First, an IRKM is said to have order v if for every y and ¥ defined as
above, Dty (to) = D}§(t), 0 < I < v. Nevertheless, when these methods are used for stiff problems,
they suffer from an order reduction phenomenon. Specifically, if p is the largest integer for which
the following holds:

Tle; Ae;. .. ; AP~ 2¢] = [Ae; 24%;...; (p — 1) AP 1e]
then it often happens that only a kmin(4P) type convergence can be proved or demonstrated com-
putationally. (See e. g., [6], [7], [4], [10], [12], [15], and [11]) Also, note the barrier: p < g+ 1.
With regard to stability, let r(2) be a rational approximation to the exponential e~* defined by:

(1.3) r(z) =1 - 2bT(I + zA) le.




An IRKM is said to be Ag-stable if:

lr(z)] <1 Vz >0,
I-stable if:
P@I<1 VR{z} =0,
A-stable if:
|r(2)] <1 VR{z} > 0,

and algebraically stable if:
B and M are positive semidefinite.

Note that the last notion of stability is the strongest among these. [7] In fact, for the methods
which are algebraically stable with B actually positive, there exist results for certain parabolic
equations which guarantee decay of approximations with respect to the time step. [10]

Now, concerning implementability, there has been much effort devoted to the development of
IRKM’s for which the eigenvalues of A are identical and real. ([8], [9]) As indicated in the next
section, these so-called singly implicit (SIRK) methods offer a computational advantage over other
IRKM’s on serial machines. However, it is explained in section 2 that in a parallel environment the
preferred methods are those for which the eigenvalues of A are distinct. In this work, the latter are
referred to as multiply implicit (MIRK) methods. Further, they are called real if 0(A) c R, and
otherwise complex.

It can be seen in section 2, that real MIRK’s permit a greater degree of parallelism than those
which are complex. However, if the eigenvalues of A are real, then v < ¢+ 1. [14] Nevertheless,
while the classical order can be increased at the cost of introducing complex eigenvalues, the order
reduction phenomenon enforces the p < q + 1 barrier for the problems which motivate this work.
Hence, the principal interest here is in real MIRK’s.

In this connection, it is important for certain parabolic problems that for every positive integer
g, there exists a g-stage, real MIRK which is A¢-stable with maximal order v = ¢+1 and p = ¢+1.
This fact follows from results in [2],* but an independent and direct proof is given in section 4.
Also, for hyperbolic problems, it is shown in section 5 that for every even integer ¢, there is a
g-stage, real MIRK which is I-stable with order v = ¢. For a related result, see Bales, Karakashian,
and Serbin.t

Concerning methods which are more stable, Wanner, Hairer, and Ngrsett [16] have established
that if an A-stable SIRK has order v = ¢+ 1, then ¢ = 1, 2, 3, or 5. Also, for SIRK’s which are
actually algebraically stable, the limit p = ¢+ 1 is achievable only for ¢ < 2. [3] Nevertheless, it is
shown in section 3, that for a wide range of problems, an IRKM can be modified in such a way that
the order reduction is no worse than k™in(*4%1) even if p < g + 1. Hence, without regard for the
value of p, one is led to ask about the existence of real MIRK’s which are A-stable with maximal
order ¥ = ¢+ 1. In section 4, it is shown that a necessary condition on such methods is that ¢ = 1,
2, 3, or 5, ie., the result of [16] is generalized to the case of real, distinct eigenvalues. Then in
section 6, some useful examples of algebraically stable MIRK’s are presented.

*BALES, KARAKASHIAN, AND SERBIN, private communication.
'BALES, L. A., KARAKASHIAN, O. A., SERBIN, S. M., On the Stability of Rational Approzimations to the
Cosine with Only Real Poles. (To appear.)




2 Parallel Implementation.

The primary purpose of this section is to support the claim that among IRKM’s, MIRK’s
are the preferred methods in a parallel computing environment. For definiteness, let S, be a
finite dimensional function space and suppose that an approximation is required for the solution
u : [0,2*] — S, to the initial value problem:

D = —Lp(t)hu+ f(t,u) o<ttt
u(0) = u°

where h amounts to a stiffness parameter, and for simplicity, f(¢,u) is assumed to be smooth and
independent of h. Also L;(t) is assumed to be linear and selfadjoint with positive spectrum. Such a
problem could of course arise from the semidiscretization of a semilinear parabolic initial boundary
value problem. For its temporal discretization, let t* = kn*, t* = kn, and make the following
definitions:

LE = Ly(th), Ly =diag{L}}, Lh= dia<g {Ln(t" + kry)}.
axq 1<isg

It is well-known that implementing (1.2) as it stands can be very expensive because of the burden
involved in computing the stages. Nevertheless, for simplicity here, assume that for the first v — 1
time steps, the stages are indeed computed exactly. Then, moving toward a cheaper procedure,
given {f(t"~ ™, U™ ™)} 1), define approximate stages U™ = (U™, U™?, ... U™)T according to:

= [T+ kALR] {eU™ + KAE™f}
where: .
Enf= {Z ajmf™ "H<i<es
m=0

v—1

Y ajmm' = (-1)'el T 0<i<v-1, 1<j<gq, (Mpoi=o=1),

m=0
and terms such as AZZ for example, are understood in the sense of composition of operators defined
on [Sp]9. Even though this extrapolation circumvents the need for solving a system of nonlinear
algebraic equations at every time step, inverting the full operator [I + ch,C"] could still be very
costly. Hence, suppose:

A= ST1AS,

A =1dsi?$gq{/\;} + s;xé)giqag {6:} A>0, 1<1i<gq, 6;=00r1, 2<i<gq

so that V" ~ U™ can be obtained by the (outer) iterations:

[T+ kALD)(SV®) = {SeU™ + kSA(LY - LYV, + kSAE™f} = R} 1<1<l,
where:
min(n,v) ) 5 _
:—_:_ Z ( 1)m+1 ( mm(n 174 )Un—m 1 S n S n* _ 1, Vo = eUO — euO’




and {ﬁ"‘"‘}ﬁi:(ln’v) are computed as indicated below. Now, consider the simple but important
observation that if A; # Aj, { # j and 6; = 0, 2 < ¢ < ¢, then for arbitrarily large ¢, the block
system above completely decouples into the following equations which can be solved in parallel:
[I+kXLR)(SV™): = (BY): 1<i<yg.

On the other hand, if a SIRK is used for which \; = A1 <1< ¢gand §; =1,2 <1 < ¢, then at each
time step, the approximate solution is required of systems involving only a single new coefficient
matrix with the dimension d; of S;. However, Karakashian and Rust * have compared a two-stage
MIRK and a two-stage SIRK on a two-processor IBM-3081D at the University of Tennessee, and a
four-processor CRAY-XMP48 at the supercomputing center in Pittsburgh. This work suggests that
as the dimension d; increases, making the solution of the time stepping equations the dominant
operation, the speed-up quickly exceeds unity and then approaches the ideal factor of ¢. Therefore,
if a certain sufficiently large d, (high spatial accuracy) is not required for a given problem, it
could of course happen that the serial calculation would offer superior performance for a fixed g¢.
Nevertheless, the temporal accuracy requirement could be satisfied by taking ¢ large enough that
a dramatic reduction in execution time is achieved with parallel computations.

Finally, in any of these cases, the factorization of new coefficient matrices at every time step can
be avoided by using a preconditioned iterative method to approximate V;* with (inner) iterates,
say {17,3}05 j<j.- Further, for certain problems, it can be shown [10] that there exist integers m,
and 7, such that:

n*—-1

-3; > mpgn < ¢ # c(h, k)
n n=0

while the convergence order obtained for the scheme:

fn — pn 0<n<n*-1

ln ljn

{ Urtl = (1-bTA le)Un + kbTA LD

is the same as that obtained by using any additional outer or inner iterations.

Studying methods similar to those discussed above, certain authors have proved convergence
estimates for partial and stiff ordinary differential equations obtaining O (k"‘i“("'p)) for the temporal
discretization. (See e. g., [6], [10], and [4].) However, as advertised in the Introduction, for a
wide range of evolution equations, there is a systematic way of modifying an IRKM so that order
reduction can be avoided. Specifically, it is shown in {12] that for semilinear parabolic equations
with time independent coefficients, order reduction can be completely eliminated by computing the
stages using an extrapolation procedure in which the constants {ajm}(l)é:'infa”—l are defined by:

v—1
Z a,-mmlz(—l)'l!éf‘Ale 0<l<wv-1, 1<j<q

m=0

It is also shown in [12] that for linear parabolic equations with time dependent coefficients, the
order reduction can be rendered no worse that 0 (km"‘("’q“)) by computing the stages as indicated

*KARAKASHIAN, O. A., RuUST, W., On the Parallel Implementation of Implicit Runge-Kutta Methods. (To
Appear.)




at the beginning of this section but with Z’,;,‘ replaced by:

min(v—1,q)

Ly= ) TaLp™
m=0

where:
min({v-1,q)

> Dpm!=(-1)'D 0<!<min(v-1,q)
m=0

and:
Dle; Ae; ... ; AT le] = [Ae; 2A%; .. .; gAl].

Finally, in [12] it is shown that an approach similar to this can be used for quasilinear problems to
obtain comparable results. Note that in each case, a special starting scheme is used to initiate the
indicated extrapolation but the details are not provided here.

Now consider the case that 0(A) ¢ R, but assume that A can be transformed to quasidiagonal
form:

= g1 = di . <
A= S"TAS, A éliasgm{A'}’ 1<m<q
and either:
o —fB )
Ai=X>0 or A= a;, B3>0 1<1<m.
B o

Then, the block linear systems discussed above decouple to equations of the form:

[T+ kALR]Y = ¢

I+kaLly -kBLy 1 |_| &
kBLY  I+kall || ¥2 | | 62 |
Again the subordinate equations can in principle, be solved simultaneously. Further, the solutions
t1 and ) for the 2 X 2 system can be computed in parallel according to:

[I+20kL} + (a® + BY)(KL})?|1 = [I + kaL}|¢y + kBLE$2 = X1

and:

and:
L+ 2akL] 4+ (o + B (KL s = [T + kaLflds — kLIS = xa.
Following Baker, Bramble and Thomée [1], since for z € R:

1 il ] -1; .
=R =1- = ’
1+ 2az + (o? + B%)z? [1 ¥ 707 21 af T, m=oa+t+fi

complex arithmetic can be used to obtain:
i = R{z1[I + 2k Ln] " x:} i=1,2.

Note that as mentioned in the Introduction, the depth of decoupling which the real MIRK’s
allow is greater than their complex counterparts. Nevertheless, examples of each are given in
sections 4-6.



3 A Barrier for A-Stable Real MIRK’s with Maximal Order.

In this section, it is proved that a necessary condition for a g-stage, real MIRK to be A-stable
with maximal order v = ¢ + 1, is that ¢ = 1, 2, 3, or 5. The plan of the proof is roughly as
follows. According to the work of Ngrsett and Wanner [13], for a real MIRK to be A-stable with
maximal order, the eigenvalues of A must be linked to a certain type of hypersurface near the
middle of the so-called real-pole sandwich. However, it is shown below that when constrained to
such hypersurfaces, the rational function (1.3) has absolute value bounded by unity for infinite
argument only if ¢ = 1, 2, 3, or 5. The latter claim is established by considering this absolute
value as a function depending on (the reciprocals of) the eigenvalues of A, and showing that it is
minimized over (the positive part of) a maximal order hypersurface of the real-pole sandwich at
the point where the eigenvalues are the same. Then since such points have been studied carefully
for SIRK’s, the remainder of the proof follows from the work of Wanner, Hairer, and Ngrsett. [16]

Before proceeding with the details, the appropriate notation is developed. First, define the
so-called symmetric polynomials for x € R™:

So(x) = 1, Sl(x) = Z Ty * Tyt 0 2 Ty 1< l < m, Sm+1(x) =0.
£1<ig< < <m

Next, some relevant properties of these polynomials are enumerated. By direct calculation:

Sl(x) = Z Tiy v v Ty, + E Tiy v e Xy

|'1<---<l',_1Sm )<< <m
(3,1) i#4,1<5<1-1 15;74,1<5<1
= 2;02,51(x) + 8z, S1+1(X) 1<i<m, 0<LIl<m Vx € R™.
Thus:
(3.2) 0z;S141(x) = S1(x)|2,=0 1<i<m, 0<I<m VxeR™.

Also with e™ € R™ having all unit coordinates:

(3.3) Si(ze™) =2 Y. 1=< ( ';‘ )

$11<iz< <y <m

since the sum is the number of combinations of m distinct integers taken [ at a time. Finally with

1= (g7 25t 2 )T
S (x - . - m
(3.4) S,:((x)) = Spm-1(x71) 0<Ii<m vx~! e R™.

Now according to [13] and (3.4), the rational function (1.3) has real poles and order of approx-
imation to e~* equal to at least q,* if and only if it has the form:

5= Z P ENES Z( 2! Z LS
(3.5) r(z) = E° m—O -
ZS,(x‘l)z‘ ZSq_,(x)z’

=0 =0

*This notion of order is of course weaker than that described in the Introduction for IRKM’s, but the distinction
should be clear from the context.

—————




for some x~1 € RY. Also since:
q q
> Se-i(x)2t = Il (zm+2)
=0 m=1

the poles of r(z) are {~z,}? _;. So it follows from work in [13] that a g-stage, real MIRK can be
A-stable with maximal order ¢ + 1 only if x is contained in one of the ¢ hypersurfaces of the set:!

_ -
W={xeR?: z,>0, Z(H— T Si(x) =0}

For convenience, these sheets or connected components of W are ordered as follows. First, define
the Laguerre polynomial of degree m:

L) = (-1 ( m ) =

and the values {x:"};"szé m by
Li1(z) =0, O<z*<z<---<z
Then using (3.3):
W=wW,uWu...uW, with exleW,;, 1<i<gq
Now, the following is an adaptation of Theorem 10 of [13].

Lemma 3.1 Let an A-stable, q-stage IRKM be given with a rational function (1.8) having only
real poles and mazimal order ¢+ 1. Then (1.8) must have the form (3.5) and it is necessary that:

x€Wgp1 UWga if ¢ 1s odd, or xeWq if q 13 even
2 2 2
where Wo = 0. ]
The next lemma is proved in section 5 of [16].

Lemma 3.2 Form, 1 > 1, |Lm(z™)| < 1 only if:

1, i=1

5  i=

m 2 9, =3
6t —10, 12> 4

PThe maximal order hypersurfaces of the real-pole sandwich are defined in [13] as the sheets of M = {y € R?:
E;’=o %Sq_,(y) = 0}; 80 by (3.4), to every point in W there corresponds a point in M with reciprocal coordinates.



Recalling (3.5), define:
R(x) = Z( 1) Six) = r(co).

Next, let an IRKM be given as speciﬁed in Lemma 3.1, so that in particular, |r(c0)] < 1. Now
suppose that the following has been established:

(3.6) Jnf [R@) =L, 1<is<e

Then according to Lemma 3.1, one of the following must hold:

IA

q is odd, erg,;_l, and: ILq(x‘z_;_,)l )

gisodd, x€Wy1, and: |Lg(z}_,)] <} [R(x)] < 1
p) 2

giseven x€ Wy, and: qu(qu)‘ <
2 2

7

Finally according to Lemma 3.2, the first case implies that ¢ = 1, the second that ¢ = 3 or 5, and
the third that ¢ = 2. This is the advertised result and what remains is to establish (3.6).

Lemma 3.3 The constrained critical points of R(x) on W are precisely those points in W with
tdentical coordinates.

Proof. First, form the Lagrangian:

q

F(x,)) EZ S( x) — )\Z 1)'Sz(x)

so that if R(x) has a constrained critical point at x* € W, then:

l l
(37) 0=20,F(x',\) = E (f +11)|az.s,+1 ) + AZ (5 +12)' r St (x") 1<i<q

Also by (3.1):

az,Sz(x )+ Z(I+ 1; 8z, S141(x")

; +1)'S‘(x - ;

(3.8) ! 1)!
N Z:(1 +1;)'az,s+1(x )+Z(1+ =Sk (x)

1<1<yg.

Now for the sake of contradiction suppose that for some j:

l
(3.9) Z (f +12)|ax,s,+1(x*) =0.




Then it follows from (3.8) that in addition:

(3.10) Z(f_*_ll;'a,,lszﬂ(x )=o0.

Using (3.2) and (3.4), it follows that if the coordinates of y* € R?™! are reciprocal to those of x*
other that z}, then:

8z. 811 (x* -1
al,-;:z:(::)) - Si(f(,y*-)l) = So-1y").

So, dividing (3.9) and (3.10) by 9. ,5,(x*) gives the following conditions:

qz—:l (_l)l ) Z
(g ) = o = ().
= U+2)! (l+ )' S
However, as indicated in [13], with:
t
(1) Nty =31 Sei) s Nealty) = [ Wavis  yer
1=0

the following must be satisfied:
{yeR": Ni(L;y)=0} n {yeR":Ny(1;y)=0} = 0.

Hence, (3.9) and (3.10) cannot hold simultaneously. Therefore, by (3.7) and (3.8), z; = A = 2},
1<1,5<q. |

Now in order to capture the global minima of |R(x)| on the components of W, the following
corollary is concerned with constrained critical points on the boundary of W. Its proof involves

only appropriate adjustments in the dimensions of the above argument.

Corollary 3.1 Given a maulti-indez m = (my,my,...,m,) where m; =0 or 1,1 <1< ¢, and
m| =L m;, 1< |m| < g, define:

R?E{XGRq: z; =0, ifm;=0, z;>0,1fm;=1, 1<4,7<q}.

Then the constrained critical points of R(x) on W NR™ are precisely those points in W N RI* with
identical coordinates. |

The next lemma is not actually contained in Theorem 8 of [13], but the argument required is
essentially the same. Nevertheless, a brief proof is offered for completeness.

Lemma 3.4 Let m = |m|, 1 < m < g, and suppose e™ € RI* has only unit nonzero coordinates.
Then the points of W N RI® with identical coordinates are precisely:

xTe™ e W, 1<i<m,

*

and:
R(ze™) = L(z]") 1<i<m.



Proof Fix m, m = |m|, with 2 < m < ¢, and n, n = |n|, with n = m — 1. Also, suppose
RY C ﬁ]_? and that €™ € RI® and e® € R} have only unit nonzero coordinates. Next, with
X(0) ={xe RP: x=ze™z >0} and X(1) = {x € R} : x = ze",z > 0}, suppose that
for 6 € [0,1), X(f) is a ray from the origin into RI® passing smoothly from X(0) to X(1). With
(3.3), it follows that X(0) N W = {z["e™}, and X(l) NW = {zPe™} ;. So for 8 € [0,1), let
{x;(6)}, denote the points of X(§) N W ordered according to 1ncreasmg magnitude. That these
points remain separated, preserved in number and order, and bounded for  in compact subintervals
of [0,1), can be seen by noting that the explicit calculation of their coordinates involves the roots
of a polynomial which has degree m while @ < 1. Since the components of W never intersect, {13]
these roots can never coalesce to become multiple or complex or to change relative positions. Now,
since their number decreases by one as # passes to 1, it only remains to determine whether x,,
escapes to co or X; passes through the origin. Since W N 0 = @, the indicated alignment between
the points {:z:f"em}ié:'gf and {W;}1<i<q is established. Finally, the values for R(x) are obtained
with (3.3). |

Now the following shows that the constrained critical values of R(x) determine the constrained
global minima of |R(x)].

Lemma 3.5 The constrained global minima of |R(x)| on the components of W are given as follows:

: o n ci<a
Jnf [R()| = min {|Lm(z)[} 1<i<yq

Proof First, note that R(x) never vanishes on W, because the rational function (3.5) cannot have

degree ¢ — 1 in the numerator and order ¢+ 1 simultaneously. [14] Hence, on each W;NR™®, |R(x)|

is a smooth, positive polynomial with exactly one critical point where it must be minimized. The

rest of the result follows with Corollary 3.1 and Lemma 3.4. ]
Now, the following lemma yields (3.6).

Lemma 3.6 The Laguerre polynomials {Ly(z)}m>1, and the values {:cm}1<'<m satisfy:
(3.12) | Lm(z7)| < |Lm—1{z™ 1) 1<i<m-1, m>2

Proof. By the identity:
(3.13) Ln(z) = Lmi1(8) = —2 Ly ()

the inequalities of (3.12) are equivalent to:
L1 ()] < Lm(z™Y)] 1<i<m-1, m322

which can be established by showing that:

(3.14) Lp(27 1) < Lyn(2™) = Lyny1(2™) <0 foroddi<m-—1
and:
(3.15) 0 < Lyn41(2) = Ln(2™) < Lyp(z"!) foreveni <m—1.

10




First note that since L,,41(z) has exactly m + 1 simple real roots, it has exactly m local extrema
which must be associated with the m simple real roots of L!,  ;(z). Therefore since Ly,+1(0) = 1:
(3.16) (-1)'Lms1(z?) >0, (=1L, (=) >0 1<i<m.

So using this with (3.13):

R (-—1)"+1z'."' xm
(1) Lo (=) = TI‘L:'VH-I(Q:?) =l

Now assume that ¢ < m — 1 is odd. Then on the interval [z, z]},], Lm(z) is decreasing at the
‘beginning and increasing at the end, while L},(z) vanishes only at z]*"! € (z[*,z% ;) where L,(z)
is minimized. Combining this fact with (3.13) and (3.16) gives (3.14). Also (3.15) follows similarly.
n

1LL',hLl(a,-;")|>o 1<i<m.

Finally, the result of this section is summarized in the following.

Theorem 3.1 Let an A-stable, g-stage IRKM be given with a rational function (1.8) having only
real poles and mazimal order ¢+ 1. Then g=1, 2, 3, or 5. [

4 A Family of High Order A;-Stable Real MIRK’s.

In spite of the barrier established above, a family of IRKM’s is constructed in this section,
which contains for every positive integer ¢, a g-stage, real MIRK which is Ag-stable with maximal
order ¢ + 1. Such methods are useful for parabolic equations, since the following is pivotal in the
stability analysis:

lIr(kLR)ll < 1
where || - || is an appropriate norm. [10] Note that if Lj(t) is selfadjoint and positive definite,

then this inequality follows from Ag-stability and a spectral argument. Otherwise, a restrictive
relationship between h and k must be imposed.

Toward the goal of this section, recall the functions { Ny, (¢; ¥)}m>0 defined in (3.11). Then let
¢ = (e1,€2,.-.,€4)T be a unit vector chosen so that:

e>0 and e Fej 1<1#35<q.
According to [13], there are exactly ¢ positive solutions to:
N(1,y8)=0.
So if y* is the largest, set y* = y*&. Then it follows that the function:
Ni(t,y') _ N1, yY)
N(0,y')  (-1)35,(y*)

vanishes at ¢ = 0 and ¢t = 1 but for no t € (0,1). Further, since G'(0) = 1, it follows that for every
t e {0,1], G*(t) < 0. Finally, note that by (3.4):

G(t) =

1y — ! _(_:l)isq—l(y*) _ *—1
G(l)_g T e M A

11



Lemma 4.1 |G'(1)| < 1.

Proof As explained in the proof of Lemma 3.5, R(x) never vanishes on W. Also, from the proof
of Lemma 3.4, it can be seen that W is compact. So, the global maximum of |R(x)| on W; is
determined by the constrained critical values of R(x) given by Corollary 3.1 and Lemma 3.4. Hence
by Lemma 3.6:

Sup |R(x)| = max {|Lm(27")]} = |1 (23)I-

Then since some calculations show that y*~! € Wy, |G'(1)| < |Li(21)| = v2 - 1. n
Now set:
l ( 1) *
> (-9 > 0 ny)
R(2) = m=0
ZS,(y*)z'
=0

taking Q(z) as the denominator.
Theorem 4.1 Any IRKM for which (1.8) is equal to R(z) above, must be Ap-stable.

Proof. First, note the error formula of [13]:

R(z)=e % |1- (—Qz():;l /: e’tN{(t;y*)dt] .

With = > 0, integration by parts gives:

z — (_z)qzl.* H(O) ~* lztn.-n
R = 1+ oo [ Ni(tiy) - Niey) - [Ny )ar

z1S, (y ) zt "
1+ ——= () [ —1)+/(e )G(t)dt]
- R(z)=e¢*(1-0)+0(1+J)
where:
z9S,(

D
Il

—Y)e[o 1), and J= / (1 - e 2-NG"(t)dt.

ZSI (y*)z'

As indicated above, G"(t) < 0and |G'(1)| < 1, so:

1
=] < —/ G"(t)dt = 1- G'(1) < 2.
0
Hence:
|R(z)|=R(z)=€e*(1-0)+0(1+J)<1 Vz > 0.

|
Now the next three theorems show that R(z) can be used to construct a g-stage, real MIRK
which is Ag-stable with order g + 1. The first is due to Bales, Karakashian, and Serbin [2].

12



Theorem 4.2 If the coordinates of y* € R? are distinct and nonzero, then No(t;y*) has q distinct
real roots {r;}7_,. [

Theorem 4.3 Given distinct real roots {r;}]_, of No(t;y*), the following are well-defined:
A=TVRV™' and b= (VT) 'Re.
and the resulting IRKM has order at least q. Furthermore, if Ny(1,y*) = O, then the order is ¢+1.
Proof: With the conditions of Butcher:
B(&): WTTHle=1 1<I<§,
C(8): IAT le=Tle 1<I<E,

conditions B(v) and C(u) imply order v if v < p+ 1. [5] Now the first statement follows since the
assumptions amount to conditions C(q) and B(g). Then if N1(1,y*) = 0, by B(q):

1 1 q-1 . tl
— = [u = !/Nt;*- —1)7t 8, (y") =
— = [ = af ey 2 ()l )y

) ;
= q!Nl(l,y*)—q!Z—,,— o—1(y*)D bt
=0 " =1

g
= Y birf - q'WNo(r;,y*)] = b7T%
=1
and the second statement follows with B(¢ + 1) and C(g). n

Finally, the next theorem follows from Theorems 2 and 4 of [13].

Theorem 4.4 Given an IRKM constructed as described in Theorem 4.3, the rational function (1.3)
must have the form (8.5) with x! = y*. ]

5 A Family of High Order I-Stable Real MIRK’s.

In this section, a family of IRKM’s is constructed which contains for every even ¢, a ¢-stage,
real MIRK which is I-stable with order ¢. As briefly indicated below, such methods are useful for
hyperbolic problems.

Suppose that an approximation is required for the solution u : [0,t*] — Sj, to the initial value
problem:

D}u = —Lp(t)u+ f(t,u) ogt<t*
u(0) = u°
| Dwu(0) = ot

13




where Lj(t) and f(t,u) are assumed to have the same properties as mentioned in section 2. Note
that this problem can be expressed in first order form as follows:

v 0o -I 0 .
D*(Dtu - ‘(Lh(t) 0 )+<f(t,u)) et
u(0) _ u®
( Dtu(O) o ( ul

As opposed to the parabolic case, with:

n_|( 0 -1
=1L o

lilr(RLE)I < 1

the pivotal stability inequality here is:

where ||| - ||| is an appropriate norm. Since L} has only imaginary eigenvalues, a certain spectral
argument shows that I-stability is crucial. [11]
Now in the sequel, ¢ is implicitly assumed to be even. Toward the goal of this section, recall the

functions { Ny, (t;¥)}m>o defined in (3.11). Then let &= (1, €z,...,¢,)T be a unit vector chosen so
that:

eg=—ei+g_>0 and e #e; 1<i#5<1
2
According to [13], there are ¢ real solutions to:

No(1,ye) =0

and exactly 1 of them are positive. So if yo is the largest, choose y* > yo and set y* = y*e. Then
it follows that:
No(t,y*) _ t9No(1,t"1y*)

No(0,y*) ~ (—1)3[S,(y*)]

decreases in a strictly monotonic fashion from 1 to G(1) > 0 as ¢ passes from 0 to 1. Now set:

G@t)=

Q@ = T 1- ol =80, Pl)= z(—z)’z:(ﬁ RPN
m=1 =0

= m=0
and take R(z) = P(z)/Q(z2).
Theorem 5.1 Any IRKM for which (1.8) is equal to R(z) above, must be I-stable.

Proof: First, recall the error formula of [13]:

R(z)=¢* [1 - (‘Qz():; : /0 ' esz(t;y*)dt] .

So with 2 = 1y:

|R(iy)| =

1-1y [f[ _M] /01 e VG (t)dt| .

g 11 (yym)?]

14



Integration by parts gives:
|R(3y)| = |(1 - 8) +6(e¥G(1) ~ J)|
where:

9

2 (yyn)? /1 ;

0= —m 0,1 d J= WG (t)dt.
,El (1+ (yyn.)?] 0.1) an 0o ° (®

By construction, G'(t) < 0, so:
1
7] < —/ G'(Hdt = 1 - G(1).
0
Further, since G(1) > 0:
|R(2)| < (1-0)+6G(1)+6(1-G(1)) <1

|
Now, in view of Theorems 4.2 - 4.4, for every even integer g, the rational function R(z) above
can be used to construct a g-stage, real MIRK which is I-stable with order gq.

6 Examples of Algebraically Stable MIRK’s.

In this section, certain methods are presented which have the properties discussed in previous
sections. In the discussion, use is made of Theorem 6.1 below, which is due to Hairer and Wanner
[9]. For this, some relevant constructions are now provided. Given B > 0, let C be determined by
the Cholesky decomposition:

vTey =CTc.
Then take:
w=vc!
so that:
wTBw = 1.

Finally with:

Sie = 1, 1+<m
iSm=1 0, otherwise

let I, = {6.-,-6.-5,,,}?’#1, H= {(t+ J- 1)_1 g,j:l’ and:

1
= diag{l - i it — di i}, P S ——
Xe qgtlg{z,O, 0,...,0} + ﬁlé?sd;gg{&} sup S;gzlg{ﬁ } &= i1

Now the following can be stated.
Theorem 6.1 Let an IRKM be given for which B > 0 and:

LVTBVI; = LHI; i+j-1=v.

15



Let m = ﬂ%(l/ —1)] and suppose X is a ¢ X ¢ matriz satisfying:
XI,, = Xeln, I.X = I X

and if v 1s even:
AT n _

Then if A= WXW ™1 the IRKM has order v. n
First, the following family of two-stage methods has been described by Karakashian [10]:

T1(T2 — %Tl) —%1‘1

= (A1 + A2) — (A2 + A2)3
T2 —11 —— 1 1 (l+ 2) (1+ 2)3
1 1
=T (s — 7
22 (3m2 1) ) 2 = (A1 +X2) + (A3 + )2
T2 T T2 —T1
1 1
T — 5 5—T 1y,-1
non nen S A =
The W-transformation leads to:
1 1
1 2v3(nn -1} 2 "3
W = and X =
1 2\/5(1'2 - %) ﬁ:? T

where:
= A1+ A2 — %>0.

Since B > 0 and VTBV = H, by Theorem 6.1, these methods have maximal order » = 3. In
fact, p = 3 as well. With regard to stability, since WT BW = I, the algebraic stability matrix M
satisfies:

WTMW = WTBWW 1AW + (W 1AW)TWTBW + WTBW[W ~le(W le)T|WT BW
= X+XT-4ef = diag{0,2z}.

Hence, these methods are algebraically stable. Also in connection with section 2, note that A has
real, distinct eigenvalues:

—Ay 1—A
A=S"1AS A = diag {); gl |7 Ay
’ 151?52{’\ b [ Ta— Az 72— A1

Next, the following family of three-stage methods has been described in [12]. First, choose A,

Az, and A3 distinctly and to satisfy:

Mz — (1 +22) + le.
Az — LA+ Ag) + §

A1, A2, 23>0 A1+/\2+A3—-%>0 and Az =

16




For example, it is sufficient to choose A3 as indicated after taking:

iy, -1
A1>% and A2>2——§-

Ai-3
Now define:
z1=A+A+As— 3, £2 = [(Adz + A Az + Azhs) — (A1 + A2 + A3) + %]%,
and:
a,'E/\,'—:Bl, ﬂ;E%—/\,‘ 1Si§3.

Also take A = 1(131?53{)\,-},

1 _ 1 0

i TS o 2 a3

X= ﬁg 0 -z |, and Y =|2V3ufB: 2V3a28: 2vV3asfs

0 zq 7 2V3z281 232282 2V3z28s
Then X = YAY 1. Now choose 1, 72, and 73 to satisfy:
2 1 1 1 1 1
(i —T1+1§)(T'f—724;§) <0 and 7= 57172_1§(TI+T2) +11,
iy —z(n+mn)+3 nire — 3(n+72) + 3

For example, it is sufficient to choose r3 as indicated after taking:

1 1
and =(1+ -—3) < 73.

n<ia-y
152V " /3 2V " /3
Then it can be shown that:
7
o= %TngTa - %(rlrz + 7173+ 1273) + %(1'1 + 719+ 73) > 36
— 73\
so take r = (0 — 35)7 and define W by:
1 2V3(r - %) (FF-n+ %)/r
W=|1 28n-8) (F-n+hr
1 23(rs - %) (rZ—rs+3)/r
Next, since it can be shown that 7; # 7;, 1 # j, choose the vector b according to:

_ (rTy-1
b=(V") " Re.

Finally take:
A=WXWl=8"1s, = s=vylw!

17



and note that A has real, distinct eigenvalues. Concerning stability, note that B > 0 since VT BV =
H + diag{0,0,0 — %} Also since WT BW = I, the algebraic stability matrix M satisfies:

WTMW = WTBWW 1AW + (W 1AW)TWTBW + WTBW[W ~le(W1e)T|WT BW
= X+XT-&eT = diag{0,0,2z;}.

Hence these methods are algebraically stable. Now since B > 0 and VT BV is as indicated above,
it follows from Theorem 6.1 that these methods have maximal order v = 4. However, p = 2.
Nevertheless, it is now shown that for each method in the family, there exists a matrix D as defined
in section 2:
Dle; Ae; A%¢] = [Ae; 2A%¢;3A%¢]
which actually eliminates order reduction since v = 4 = ¢ + 1. For this, suppose that there are
constants {¢;}>_, such that:
cie + caAe + c3A%e = 0.

Since a fourth order method satisfies:

1TA e =1 1<1<4
it follows that:
citieat+les = 0
%cl + %02 + ;—463 = 0.
Therefore 12¢; = —2¢2 = ¢3, and if these constants are nontrivial:

(I —6A+12A%]Se = 0.

However, since 1 — 6t + 12¢2 > 0, Vt € R, it is necessarily the case that ¢y = ¢2 = ¢3 = 0. Thus the
matrix [e; Ae; AZe] is invertible.

It is also possible to construct similar methods which have five stages and order six, but the
details are not provided here. Instead, some useful calculations for some well-known complex
MIRK’s are given. Recall from section 2 that at least for semilinear problems, order reduction
can be eliminated; so for such problems, there is good reason to consider methods of the following
form. First, the Gauss-Legendre methods are algebraically stable with v = 2¢g. From this family,
the three-stage method follows.

5 80— 24v/15 50— 12/15 | 5— /15
36 360 360 10
50 + 15v/15 2 50 — 15v/15 1
360 9 360 2
50+ 12v/15 80+ 2415 5 5++15
360 360 36 10
5 4 5
18 9 18

18




Also, the W-transformation leads to:

W=1]1 0 —32@ and X = 2—\175 0 -3 115
1 7:% 72? 0 3 l15 0
In connection with section 2, note that:
A=S71AS s=yw!

where X = YAY 1,

A0 0 2v/15A ~1208 120* - 6o+ &

A=|0 a -8 |, Y = | 12vBA(; -X) -V38 —V3a
08 a 2V3(% - X) 0 -

and the above constants are given by:

203

A——[(5+3\/_)s+(5—3\/_) ]+—

1 203 205
a=g- m[“”‘”“ +(5-3V5)3], and f= \/‘m[(5+3\/§)% — (5 - 3V/5)3].
Now the Gauss-Legendre methods fail to satisfy |r(o0)| < 1, and the latter condition is required
in the analysis of [12] for certain nonlinear problems. On the other hand for example, the Radau
ITA methods satisfy this constraint. Also, they are algebraically stable with v = 2¢ — 1. From this

family, the three-stage method follows.

88 — 7/6 206 — 169v6 —2+3v6 | 4-6

360 1800 225 10
206 + 1696 88+ 7v6 -2-3/6 | 4+6
1800 360 225 10
16 — /6 16 +6 1 .
36 36 9

16 — V6 16 +6
36 36

O =

19



Also, the W-transformation leads to:

1 —ﬁs—sﬁ —2\/§2+5-s\/ﬁ 3 ‘ﬁg 0
W=|1 =Y3i3vZ =2//5-3V50 and X=|308 0 -3
1 V3 V5 0 75 1
In connection with section 2, note that:
A= S"lAS S=yw!
where X = YAY 1,
A0 0 2150 — 5 0 -5
A=|0 a 8|, Y=|12vBA-L)E-2) 28V15 (2a — 1)V15
0 8 a 2v3(3— ) 1208(1 — @) 1+120(a— 3)(a - 55)

and the above constants are given by:

1 .1 1 1 1 1 .1 1 1 .5 1
AEE(33—3 3)+g, aE§—2-—0(33—3 3}, and ﬂE %(36 +36).
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